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THE CONSISTENCY OF Ext(G,Z)=Q

BY
SAHARON SHELAH'

ABSTRACT

For abelian groups, if V = L, Ext(G, Z) cannot have cardinality N,. We show
that G.C.H. does not imply this. See Hiller and Shelah [2], Hiller, Huber and
Shelah [3], Nunke [5] and Shelah {6, 7, 8] for related results. We use the method
of [7}.

THEOREM 1. Suppose the universe V satisfies G.C.H., and K is a divisible
countable (abelian) group (i.e. |K|=N,). Then for some forcing notion F, in V*°
for some abelian group G, Ext(G,Z)=K.

COROLLARY 2. It is consistent that for some group G, Ext(G,Z)= Q (Q — the
rationals as an additive group, Z — the integers as an additive group).

REMARK. (1) This answers questions from Hiller and Shelah [2], Huber, Hiller
and Shelah [3) and Nunke [5]; remember that if V = L, Ext(G,Z)# N,. The
result was announced in [9]. )

(2) The group we get is N;-free and of power N;.

(3) Instead of “K countable”, we can demand “| K | =N,”; the proof will not
change significantly. We can change |G| and [K|, but we have not checked
carefully.

(4) It is well known that Ext(G,Z) is divisible.

ProOF. Let K be the direct sum of K, (p a prime natural number or zero),
where K is torsion free and for p # 0 (Vx € K;) (3n) p"x = 0. This is possible as
K is divisible, and each K, is divisible. Let K,={x €K,:px =0}, so K, is a
vector space over Z/pZ. So let B, C K, be a basis of K » (as a vector space over
the rationals for p =0, and over Z/pZ otherwise). Let B = U, B,, so as K is
countable, | B| = N,. Let K} C K, [K' C K] be the subgroup generated by B,[B]
(for p> 0 this is not new).
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Choose S to be a stationary costationary set of limit ordinals < w,. We shall
define a group G of the following form: G is freely generated by x; (i < ,) and
Zsa (8 € S, n < w), with the only identities

p(8,n)zs, = X5 — 75 where 72= z X;
{E€a(bn)
where p(§, n) is a strictly increasing function of n (for each & separable); for
8 €S, n5 is an increasing w-sequence of successor ordinals converging to §,
a(d,n)={n(1): | = ks(n), ] > ks(m) for every m <n}.

NotaTioN. If h is a function from w, to Z, 7 =2_cx, (¢ €Z) then
h(7)=Zch(l(i)). We let p be a prime number.

Fact A. Ext(G, Z) is isomorphic to E./E,, where E, is the set of functions
from § X w into Z, addition is defined coordinatewise; E, is the subgroup of
f € Eysuch that forsome h:w,—>Z, f = hie., f(6,n)= ﬁ(8, n) mod p(8, n) (for
every (8,n) € S X w), where h is defined by A(8,n)=h(8)— h(s5).

ProOOF OF FACT A. Like that of [10] 3.3.

Now we shall define the group G by defining the a (5, n) and an embedding of
B into E/E,; we do it by forcing, to simplify the proof.

An element q of P, = Q, is a triple:

a(8)! =(a(d,n),p(d,n))n<w) for 8ES, &<,
fi (s€B), h? (s € B—B,),

such that the (a(8,n):n < w) are as mentioned above: a(§, n) is a non-empty
finite subset of 8, max a(8,n)<mina(8,n +1), 8 =sup{mina(s, n):n < w}, f?
is a function from (S N 8,)X @ into Z, and for s € B,, p#0, pf. = h, (where
(pf)(i) = p(f.(i))) and h,:5,— Z.

Also p(8, n) is a prime natural number, p(8, n) <p(8, n +1). The order is
natural.

Clearly there is a Pi-name G defined by a(§, n), p(6, n) and f, (s € B), and
let f,=3f, where t =35, s, €B (i.e. t €K"). Clearly f. € Eo.

C~]early in VO, Ext(G,Z) is too big. So we define an iterated forcing P,
(i = w,), with countable support, P..; =P, *Q, such that for each i >0, Q
“kills”” an undesirable member of Ext(G, Z). More elaborately, for each i, f; is a
P,-name of a member of E,, such that for some p(i) either p(i)= 0: and
& “(Vn>0) Vt€K') (nfi— fi € E\)”, or p=p(i) is prime >0 and
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¢ " “pfi EEo A (Vn)(Vt EK )0 <n <p)—>[nf - f & E)]”

Now in V% @, ={h: for some a, h:a—Z, and for every §=qa, § €S,
fi(8,n)=h(8)— h(r7) mod p(§, n) (if 8 = a this means there is such h(8))}. The
order: inclusion.

Facr B. (1) (in V") If h€Q, Domh =a, a =, then there is h*,
h=h*€ Q, Domh* = B, Moreover if h' is a finite function from [a, ) to Z we
can demand h'C h*, except when «a ESNDomh'.

() (in V") ¢+ “f, €E,".

Proor. (1) By induction on B. For B& S, totally trivial; for g € S, we first
define h* [ {ns (n):n < w, a = 7, (n)} appropriately, and then define h*[ n; (n)
by induction on n.

(2) Follows from (1).

So P, = {p : Dom p is a countable subset of i, p(j) a P;-name of a member of Q,
for j EDomp, ie., ¢+ “p(j)E Q). (We shall write p(i)(£)=c for
plit:“p(i)(¢)=c’) The order is p,=p, if i€Domp, implies
pliF “p(i) = pAi)”. As in [7]:

Facr C. (1) For every pE€ P, there is p’€P, p=p’, and for some 4,
Va € Domp, Dompi(a)= 8 and p'(a) € V. Such p’ is called of height &.

(2) If p. has height an pu=pui, G0 <aw, Unc,an=8ZS then
U...p. €P.

(3) P., satisfies the N,-c.c. and does not add new w-sequences. By suitable
bookkeeping we can assume every P,-name f of a function as above is f for
some I. ) )

(4) If in the forcing by P.,, it is forced that, for every ¢ and p, “t €K, >
[ € E;” then Ext(G,Z)=K (note that E, depends on the universe we are
dealing with).

PrOOF. Asin [7], (1), (2), (3) hold. Let us prove (4). Remember that by Fact
A, Ext(G,Z)= E/E,. As, e.g., by Fuchs (1], Eo/E, is a divisible group; it is
enough to check that:

(a) tE K", t#0 implies ,Z E,,

(b) for f € E;— E,, for some n >0, and t €K', nfZ E,, and nf — f, EE,.

Now (a) follows immediately by the hypothesis whereas (b) follows by Fact C3
(and the definition of Q,).
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So the rest of the proof is dedicated to the proof that the hypothesis of Fact
C4 holds. So suppose t,€K;,, t,#0, h a P,-name, q,EP.,,

(*) g f o~ h".

As P, satisfies the N,-chain condition, we can replace P,, by P, (i <w.) and
choose a minimal such i (i.e., i minimal such that there are a P,-name h and
q«E P, so that g, " “f. = h"). Those i, t,, P, q h are fixed for the rest of
the proof. )

Before we prove we note some easy facts on the forcings.

Fact D. (Dlfa<B,pEP,qEPs(qla)=p, thenr=p v q is their least
upper bound (where Domr = Dom p UDomg, r(j) is p(j) for j € Domp and
q(j) for j € Domq — Dom p).

QU pEP, as< -+ <a,-,<a, h a finite function from w, to Z for I <n
such that p | a; F= “Dom(p(a;)) < min Dom h,” then there is g, p < q € P, such
that for I <n, qlaF=“h Cq(a)”.

Proof. (1) See [7]; easy to check.
(2) Prove by induction on a,-,, using Fact BI.

FacTr E. f q€P, ap< -+ <an1<i, @ ={ao," ", as-1) then for some q’,
q=q € P, q' has height and for every q", ¢'=q" € P, Poss:(q') = Pos:(q")
where Pos:(q°)={(c’ -, c*™"): for every {,< w, for some successor {, {o <
{<w and ro, 1 €EP, @°=ro,- ,q" =10y, Kl =rla, ==
Tm-1] @1, and ri(aa-1)({)=c* (for I <m) and r, " “h ()= c**" for I < m}.
Note that ao, - - -, a,-» were not used, so Poss:(q°) depend only on g, a,.-,, and
Pos;(q°) decrease when a,-,, q° increase.

Proor. Easy by Fact C2.
So w.l.o.g.

AssuMpTiON E1. (1) Either (a) or (8) where

(a) i is a successor (ordinal) or of cofinality N,, and for arbitrarily large a </,
Pos(a)(q *) = POS(a)(q,) for q’ EP, q' = q x>

(B) i has cofinality 8, and there is a, <i such that Pos..(q ) = Poswy(q)
whenever a, =a<i, q,=q'€q,.

(2) Also g, has height y*.



78 S. SHELAH Israel J. Math.

NoOTATION. An & whose last element is among the a’s in (a) if (@) holds and
is = a, if (B) holds, is called good.

DeriNiTION F. We call a candidate a sequence i = ({(@., p.):n <n,) such
that a. is a finite non-empty subset of successor ordinals < w,, maxa. <
min a,.., for m <n,, p. prime (so @' = {a. p.):n <n,) etc.).

For a good @ ={ao," *, Qm-1), 0= o< *** < @m_1<i, ao=0 > p, #0, and
g g:Rangea — w let

T(g, & @)= {¢t:t afunction from {{a, k): I <m, glar) =k <n,},
tHa,k)E{cEZ:0=c <p}}

Wecall § ={q,:t € T}an (g & a)tree,if T =T(g, & i), q,=q (n,— from
g)andif t€T, I <l(a), gas)=k <n, then

(a) t(a, k)= q.(a)(7) mod p. where 7 =2;e, x; and &, >0,

) if il (e X w)=t;:] (e X @) then g, & = q,[ )

(c) if ay =0, then

t{ao, k) = z nhy(n)modp. wheret, = Z nt, (t isfrom B,).

SES sES

Fact G. Suppose g, &, i, § are as in Definition F. Then we can find a.,, p.,
€4, 4" such that (it seems ¢, =0 always)

(a) ' is a (g, &, a')-tree,

() a'=a*(a.,p.),

(c)if tE€ET(g, a '), tET(g & u) and t Ct, then ¢ =q.,

(d) for every t,E T(g, & '), g, “h(r.)# c, mod p.".

We delay the proof of Fact G, but first we prove from it the desired
contradiction.

Let h,q,E N <(H(N;), €,P,IF), N countable, §* = NN w, €ES. We define
by induction on n, g", @", @", §" such that

(a) §" is a (g", &", u")-tree,

(b) g", a", #i" €N, a" good,

(c) g =q! for every t E T(§’, @’ i°),

(d) g"C g™, Rangea” CRangea""’, &"*'In=a", " has length n,

() if teT(g"a"u"), t1e@ ', a"",a"""), tCtt then q' Cqr"',

® 8*=U,..8, 8, <8.,..<86* and tE€ T(g""",a""", a""") implies qr*' is
bigger than some condition of height 87, 8, = B7 and every { € N N i belongs to
U...Range a" except 0 when p, =0,
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(g) for every n<w for some c}, c;E€Z, 0=c,;<p:"', and for every
Y= T(gn+1’ &n+1, an+1), q:.+1“_PI “h('Tn)# ¢ mod p:+1”.

The definition is possible by Fact G (plus a trivial work). We concentrate on
the case p, =0.

Clearly there are q" € Q, such that for every t € T(g", a", a"), q:(0)=q".
Now clearly g* = U ¢g" € Qy; and as in [7] 1.7, 1.8, for every q',q° = q' € P, if
q'H<a(d*,n)=ay"’, p(8*,n)=p " for n<w” thereisr, '=Sr€P, q, =1,
and for every n for some t € T(g", a",u"), q'=r.

So r forces that

(i) for every n, h(r,)#c; mod p;*",

(ii) suppose t,=3Z.nt (L, €EB,) then as q,kF“f.=h>, q,=r, clearly
S.rf, (8% n)=h(8*)~ h(r,) mod p;*".

Notice that when choosing q' we have total freedom to choose the f,_(6*,n) €
Z. So for each ¢ €Z, for some n we can contradict the possibility h(6*) = c.
There is no problem to complete the definition of f,(8*, n) (t € B), h(3,n)
(teU,.B,) to get q'.

For p,#0, the problem is that h |U,..a(8% 1)=h | Range(n:) in
fact determine f, [{{(8*, n):n < @}, for t € B, ; however, the definition of the
tree provides us with enough freedom for the choice of h, (95 (1)), i.e., we choose
hy(8). Let us enumerate Z:Z = {d, :n < w} and choose h,(r.) (s € S) (where
t,=2,esnit) such that Z,csnh,(8)— d. — Z,esnh.(r,) = ck mod p(3, n).

So we are left with:

Proor oF FAcT G. Let T = T(g, &, a1). It is easy to see that

Facr H. If §°=(q':t€T)is a (g &, it)tree, 1L ET, q\,<q., E P, then we
can find q; (t € T — {to}) such that g, =q' and (q::t € T) is a (g, &, i )-tree.

Now the following fact is crucial.

Fact 1. One of the following cases holds:

(a) there are c(/) (1=0,1,2) in Z such that c(1)#c(2) and
{€(0), c(1), c(0), ¢(2)) € Posa(q +),

(b) there are c(l) (1=0,1,2,3,4,5) such that {(c(l):] <6) € Poss(q,), but
c(2)» ¢(21 + 1) is not a linear function, i.e., there are no rational numbers d,, d,
such that c(2l +1)=d,c2l)+ d,,

(c) there are c(I) (I <8) such that (c(l):!<4)EPos;(q,){c(]):4=1<8)

€ Pos; (q ) but (c(3) — c(1))/(c(2) — c(0)) # (c(7) — c(5))/(c(6) — ¢ (4)) (both well
defined).



80 S. SHELAH Israel J. Math.

ProoFOFFAcTI. Let y = a,_, and h, be the P,-name of U {q(y):q isin the
generic set}. So if (a) fails, then for some P,-name F

q.F7“h(&)=F(,h, (L))  foreverysuccessor{ Zv*, {<w,

(so F is a function from w, X Z to Z). If also (b) fails then there are P,-names d,,
d, (of functions from w, to Z) such that

@YV “F(L )= di({)e + dA{) for every successor § < wy, { Zv*”.

If also (c) fails then d,({) = d, € Z for some d,.

So suppose (a), (b) and (c) fail, and let G; C P; be generic, q, € G.. Then in
V[G), f, =h, f,=h.Let h* = h — d,h,, then f, — d.f, ~h*.Now f, f, € V[G,]
(where G, = G; N P,)so if we prove h * € V[G, ] we shall get a contradiction (to
the requirement on f, in the definition of our iterated forcing). Now for { = y*
successor, h*({)= d;({ ), and the function d, belongs to V[G,]. So h*[{{ +
1: =z y*}€ V[G,]. Also all our forcings do not add reals, hence h*[y*€
V[G,]. So h*[{{ <w;:{ non limit} € V[G,], but we can construct h*[{8 <
w,: 8 limit} from f, f,, h*{{ < @,:{ non limit}, by the equations

f(8, )= dif,(8,m)=h*(8)~ 2, h*(f)modp(5 n)

as all elements of a (8, n) are successor ordinals. So we finish the proof of Fact I.

CONTINUATION OF THE PrOOF OF Facr G. Now we choose a prime natural
number p.. >p.-: such that ¢(2)—c(1)#0 mod p, if (a) holds and
(c(3)— c(W/(c(2)— c(0)) # (c(5) — c(1))/(c(4) — ¢(0)) mod p.. (so c(2)—c(0)#0
mod p..) if (b) holds, and (c(3)— c(1))/(c(2) — c(0)) # (c(7) — c(5)/(c(6) — c(4))
mod p., if (c) holds (and so that divisions are not by zero).

Sonow T' = T(g, &, " {{an., p.))) is defined, though a. is still not defined. Let
for a finite set a of successor ordinals < w, but >Max a..-, (a will be an initial
segment of the a,. we shall construct)

R.={r:r=(rn:t€T"Y a (g & i {a, p.))tree
and t, € T,t € T', t,C t implies q, C . and r, determine h({) for each { € a}.

It is easy to check that R, # J, and that as T' is finite it suffices to prove (for
proving Fact G, thus finishing the poof)

Fact J. If F°€R,, t,€T', then we can find a, aCa;, Maxa<
Min(a, —a), or a;—a = and r' € R,, such that:
Q) for every tET', r/=ry,
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@) 1\ FP S 0 h(¢) #0 mod p.”,
@) for t €T, t#t, 11k “Zpea-ah(£)=0 mod p..”.

ProoFOFFACT). Ifrik“Z.c.h({)# 0 mod p. we can let a, = a. So assume
this fails.

On R, there is a natural order P> < 7' iff ri<r]forevery t € T'. Asin Fact C
it is easy to show that above every € R, there is some 7' of height a for some a
(i.e., each r; (t € T") has height a). Now we can define

Pos*(F)={{ci:t € T', I = l(a)):for every {, < w,; for some successor {,
L<{<w there is F'ER,, F=r' and ri(a)({)=ci
for I <l(a) and rik“h({)=cks)’}
As in the proof of Fact E, w.1.o.g. our 7° is such that Pos® (7°) = Pos® () for any
F, 7° = F € R,. Now we should consult Fact I, i.e., which of the three possibilities
there holds. Note that we shall add many times (p., — 1) instead of subtracting.
First assume that (a) holds and ¢ (1) (I < 3) exemplifies it. By Fact H, there are
(cite T I=la)),{di:t€T', |=1(a))in Pos*(F) such that c;= d}except for
t=1, Il =1(a@), and c}as = c(1), dis)=c(2); remember that in constructing a
tree the interactions are only up to a..— 1. So we can find {” < w,, 7" € R, by
induction on m = p,, such that:
G Fr=rm=r', max(a)<{™ <™, {™ a successor,
(ii) for every t€T', and [ <I(a) and m >0,
PN a) (") =cl, ri(a) () =4

(iii) for every tE€ T’

TR = el kR = die”.

So 7%, {&i: 1 <p}Ua (where p=p,) are as required.

So we turn to case (b) and let c(l) (I =0, 1,2,3,4,5) exemplify this. We can
find k; (I <3) such that Z,.;kc(2])=0 mod p.; Zicski =0 mod p,. but
Sicskic(2l+1)#0 mod p,., w.lo.g. k>0, let k =3,: k.

It is easy to see that we can find (¢;":tE€T', I=l(a))ER,, for
m =0,1,2, such that ¢c{"=c}° for t¥1t, or I =l(a)—2, and ¢, =c(2m),
Cimy=c(@m +1).

Now we can define 7', £, m(I) (1 =1 = k) by induction on [ such that (7° is
given) 7' =7, Maxa <{', ¢'<{"™, m()=--- =m(ko)=0, m(ko+1)=

-=m(kotk)=1, mko+ki+1)= - =m(ko+ ki +ky)=2, -, ri(a)({")
=ci™, ik “h()=cim.

Clearly the last 7', F* is the 7' required in the Fact.

For the case (c) holds, the proof is similar.
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